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Abst ract - -Th is  paper is concerned with the oscillation of all solutions of the delay difference 
equations 
Xn+ 1 - -Xn~PnXn_k=O,  n = 0,1,2, . . .  (*) 
and 
Xn+l -xn+~-~P i (n )xn-k l  =0,  n = 0 ,1 ,2 , . . . ,  (**) 
i=1  
where {Pn} and {pi(n)} are sequences of nonnegative r al numbers and k and ki are positive integers. 
New oscillation criteria of the forms 
limsup Pn > a + C(a) 
n~oo 
for equation (*) and 
rn  n - t -k  i 
l imsupZ E pi(s) > 1 
n~oo /=1  s=n 
for equation (**) are obtained, where (~ l iminfn~oo ( l /k)  n-1 = Y~i=n-k Pi and C(a) is "the best 
possible" function of c~ in some sense. © 2001 Elsevier Science Ltd. All rights reserved. 
Keywords - -D i f fe rence  equation, Oscillation, Nonoscillation. 
1. INTRODUCTION 
The prob lem of  es tab l i sh ing  suff ic ient cond i t ions  for the  osc i l la t ion  of all so lu t ions  of the  de lay  
d i f ference equat ions  
Xn+l - Xn "t- pnXn-k  = O, n = 0, 1,2, . . . ,  (1.1) 
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,~tlld 
T / t  
:r,~+l - x,, + Z pi(n):c,_k, = O, 'n = O, 1, 2 , . . . ,  (1.2) 
i=1 
where {p,, } and {p~(n)} are sequences of nonnegative r al numbers, k and k~ are positive integers, 
has I)een the subject of many investigations. See, for example, [1-16] and tile references cited 
therein. 
By a solution of equation (1.1) or equation (1.2), we mean a sequence {x,~} which is defined 
fin" .~ _> k (in equation (1.2), k = max{kl,k2, . . . ,  km}) and which satisfies equation (1.1) or 
equation (1.2) for n > 0. A solution {z,~} of equation (1.1) or (1.2) is said to be oscillatory if the 
terms :r,, of the solution are neither eventually positive nor eventually negative. Otherwise, tile 
solution is called nonoscillatory. 
In 1989, Erbe and Zhang [2] proved that every solution of equation (1.1) oscillates if 
limsup )__., Pi > 1 (1.3) 
01' 
kk 
liminf,~oo p" > (k + 1) k+l" 
In the same year, Ladas, Philos and Sficas [31 improved (1.4) to 
(1.4) 
n-  1 kk  
1 
liminf Z Pi > 
i . . . . .  # (k  + 1) h '+l"  
(1.5) 
Concerning the constant kk/(k+l) ~+~ in (1.4) and (1.5), it is shown in [2] that if the inequality 
Pn -~ (It l- 1) h+l (1.6) 
holds eventually, then equation (1.1) has a nonoscillatory solution. 
In 1990, Ladas [4] conjectured that equation (1.1) has also a nonoscillatory solution if 
n - 1 kk  
1 Z Pi <- (k +Iv1) k+' (1.7) 
i=  n t,: 
holds eventually. However, this conjecture is not true and a counterexample was given by Yu, 
Zhang and \Vang [5] in 1994. 
It is interesting to establish sufficient conditions for all solutions of equation (1.1) to oscillate 
when neither (1.3) nor (1.5) is satisfied. 
In 1998~ Tang [6] improved (1.5) to 
Z I)i~ 
i=n-  k 
k+l  
for all large n, (1.8) 
a l ld  
Prz Pi - : oc. 
n=k L i=n-k  
In 1999, Tang and Yu [7] further improved (1.8) and (1.9) to 
lj'k+'' ] 
P. Pi - k +~ = 
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In the same year, Tang and Yu [8] derived the condition 
E Pi Pi + - sign Pi 
n=O Li=n \ i=n  i=rt 
n+k in (~ 1 ,z+~ ) ]  
E Pi Pi + -- sign Pi 
i=n+l  \i=n+l i=n+l 
(1.11) 
= oo, (1.12) 
which improves (1.5) and which fits to the case when (1.7) holds. 
In respect (1.3), Yu, Zhang and Qian [9] developed a new oscillation criterion which im- 
proves (1.3). Their result, when formulated in terms of the numbers ct and A defined by 
n--~l 
1 
a = lim inf ~ ,  n~oo k p~ and A = limsup Pi, (1.13) 
i=n-k  n~oc  i=n-k  
says that every solution of equation (1.1) is oscillatory, if 0 < c~ < kk/(k + 1) k+l and 
A > I (ka)2 4 (1.14) 
Following this direction, Chen and Yu [10] derived the condition 
A>I -~ I  (1 -ko~-x /1 -2koe- (ko~)2)  (1.15) 
In 2000, Tang and Yu [11] improved (1.15), in the case where 0 < a < kk/(k + 1) k+l, to the 
condition 
1 (1 -ka -  v /1 -2ka- (ka i  ~) (1.16) A > A~(1 - klnA2) - ~
where A2 is the greater of the two roots of the algebraic equation 
Ak(l - A) = a. (1.17) 
En--1 We remark that when the limit lim~-~o (i/k) ~ . . . .  ~. Pi = a exists and 0 < a: < k~/(k+l)  k+l, 
but the limit lim,~__+oo p~ does not exist, it is possible that all solutions of equation (1.1) still 
oscillate. See, for example, [5,11,14]. This shows that p,~ itself determines the oscillation of all 
n-1 En solutions of equation (1.1) better than Y~-i=,~-k Pi and i=~-k Pi in many cases. In view of this 
fact, Stavroulakis [12] established the following oscillation criterion in 1995: 
(ka) 2 
limsup p,, > 1 - - -  (1.18) 
,~-oo  4 
However, (1.18) is stronger than (1.14). 
In 2000, Tang and Yu [11] obtained the condition 
1( ) 
l imsuppn>A~-~ 1 -ka -v /1 -2ka- (ka)  ~ , 
n~oo 
(1.19) 
where A2 is the greater of two roots of (1.17). Clearly, (1.19) improves (1.18) and is independent 
of (1.16). 
The first purpose of this paper is to further improve condition (1.19) to 
limsup Pn > A~(I -/*I),  (1.20) 
n- -~ o(} 
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and in the case where 2(k - 1)(A2 - A1) < "~1, to 
lira sup , , .  > + [2 , /2 (k -  1>, -  (2k - 
l l ---+ OO 
(1.21) 
respectively, where/~1 is the smMler and ~2 is the greater of two roots of (1.17), Itt is the smaller 
of two roots of the algebraic equation 
l~ (1 - i, ~) = k,.. (1.22) 
When a' = kk/(k + 1) k+l, ~1 = ~2 = k/(k + 1). In this case, (1.21) reduces to 
limsup~,__+oc p'~> (k + 1) k+l" (1.23) 
This is the best result which cannot be improved (see [2]). When k = 1, both (1.20) and (1.21) 
reduce to 
lira sup p,~ > (1.24) 
Tt ---+ OO 
This shows that condition (1.20) is "the best possible" in the sense that when k = 1 it cannot be 
improved. 
For equation (1.2), the oscillation criteria tbrmulated in terms of the numbers ki and p,('tt.) 
are relatively scarce. Usually, the oscillation criteria tbr equation (1.2) are derived by reducing 
equation (1.2) to a difference inequality with a single delay l, where 1 = rain {k~, k2, . . . ,  k,,~}. 
See, tbr example, [2,3,12]. 
tn 1998, Tang and Deng [13] established the following sufficient condition for all solutions of 
equation (1.2) to oscillate: 
(k i  q- 1)/* ' i+ 1 
li~l~inf ~=~ /~.~ >(~) > I, (1.25) 
which is an extension of (1.4) in the case of several delays. 
In 1999, Tang and Yu [7] improved (1.25) to 
liminf,,~oo ~ (~)ki+l 'n+~i 
' i=1 s=n+l  
pi(s) > 1, (1.26) 
which is an extension of (1.5) in the case of several delays. 
The second purpose of this paper is to develop the following new oscillation criterion for 
equation (1.2): 
m .n+k,  
limsup E E pi(.s) > 1, (1.27) 
r~ ---+ oc, i=1  s=n 
which is an extension of (1.3) in the case of several delays. 
For convenience, we will assume that inequalities above values of sequences are satisfied even- 
tually for all large n. 
2. OSCILLATION FOR EQUATION (1.1) 
Throughout his section, we let a be defined by (1.13), let ~1 be the smaller and A,2 be the 
greater of two roots of (1.17), let /tl be the smaller of two roots of (1.22), and assume that 0 < 
~ <_ kk/(k + 1) k+l. 
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LEIvIIVlA 2.1. Let  0 <_ al <_ a2 <_ "'" <_ ak. Then 
-- E ai >_ ai + - -  
k i=1 i=1 
2(k - 1) (,Ag:- ¢-~)~ • (2.1) 
PROOF. In view of Kober's inequality (see [17]), we have 
1, ( / i )  
i= l  i=1 
One can easily show that 
1/k 
1 
+ k(k -  1 ~  ~ (x~J - x/~'i) 2 " 
l< i< j_<k  
1 
-- V~)  '2 + (v~:  - x) 2 >- -~ (v/~" - x/aT) 2, for x/a7 ~ x ~ ~.  
It follows that 
') 1 2 ( , /~7-¢~) '~+( , /E ; - , /~ ; j ) _>~(~ v~) ,  j=2 ,3  . . . .  ,~:-1.  
Substituting this into (2.2) we obtain (2.1). The proof is complete. 
LEMMA 2.2. Let. {x,~} be an eventual ly  posit ive solution of equation (1.1). Set 
A0 = lira sup '~:~ 
n---+oo 
Then 






Choose a sequence {nj } of integers uch that 
Then by (1.1), we have 
Hence. 
~ 1/1,, 
linl x , ,  '°" = Ao. 
j~c,,o \ xnj-1,. / 
Xi 1/1,. } 
Bn=nmx (~)  :~-k<i<n-1  . 
n- -1  n - -1  1 1 xi 
i = n -  k i = n-  k 
(2.5) 
( ) __  ( l _X i+ l )  < 1_  1 xi+~ B~ 
3; i - -  ~, :E, i
i=n- -k  
< B.~. [1 - (~)  '/k ] 
(2.6) 
1 w-1  [ ( ~ 1/~'- :c~ Bk (2.7) E t"i-< 1 -  n;" 
i=n j -k  \ 3 ;n i -k  J 
Note that lira supj~o c Sn~ < lira supn~cv (x,~/xn-k)l/k = A0. Then by taking the limit superior 
as j ~ oc in (2.7), we obtain 
n1 -- 1 
1 
~t_<limsup ~ E Pi <_ (1-Ao)A~. 
3 ~°°  i=n i_  k 
It follows that A1 < A0 _< A2. The proof is complete. 
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LEMMA 2.3. Let {xn} be an eventually positive solution of equation (1.1). Then 
n-1  
1 
l imsup ~ E xi+__~ <_ A'2. 
n~oo 92i 
i=n-h:  
PROOF. Set } xj+~ : 'n -  k < i < 'n -1  . D,~ = max 77. 
j = i - k 
Then B~ < D,,, where B,~ is as in (2.5). Choose a sequence {'nj} of integers such that 
n- -  t 1 nd- t  1 ~-~ x,.q_ t 
E Xi+l -- lira sup -- Ao. l in l  
i=n.j - k i=n-  k 
Then by (1.1), we have 




x~---L-~ < k ~:,. for n >_ n. h . (2.15) 
Xn-k  
In fact, if (2.15) is not true, then there exist integers j l  >_ dl and N such that nj, _< N < n.h+l 
and 
x'---Z-z < A j':, for nj~ -h '< n < N-  1 and x____~_N > Ak" 
Xn-k  XN-  k 
By (1.1), we have 
I ( } 
1 XN Xn 
k' i:N-a,E P iG 1-  \ ~ /  j max kx.-a" :N -k<n<N-1  <A/" (1 -A) ,  
which contradicts (2.14) and so (2.15) holds. By (2.15), we have 
liulsnpn_oo ( 'T~)  1/k ~ '~0 ~ "~ < "~t' 
which contradicts (2.4) and so the proof is complete. 
Next, we prove that 
( , ) ( ,1 ) 1  1 • 
i='i-~: ~=,~j-k xi BnJ -< 1 - ~. E xi+---!l D ~: . (2.10) 
i=n  i - k  X i  ~J 
Taking the limit superior as j -~ oc in (2.10) and noting that lira supj_oo D,n, < lira sup~_+o ¢ ( l /k )  
En-  1 ~=,~_~. (xi+l) /x i  ~0, we obtain 
< (1  - _ A 0 . 
It follows that ~0 < A2. The proof is complete. 
LEMMA 2.4. Let {Xn} be an eventually positive solution of equation (1.1). Then 
l iminf B,~ > A~, (2.11) 
where B,~ is defined by (2.5). 
PROOF. Assmne, for the sake of contradiction, that (2.11) is not true. Then there exists a 
subsequence {Br~,~ } of {Bn} such that 
lira B,z~ = liminf B~ - i t  < 11. (2.12) 
j~oo  n~oo 
For given A E (p, At), there exists an integer J > 0 such that 
B,~j < ~, j _> d. (2.13) 




Z p.i > Ag:(1 - A), for '~, > '~']1' (2.14) 
i=n-k  
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LEMMA 2.5. Let {x,~} be an eventually positive solution of equation (1.1). Then 
l iminf  (x'~+l ~ 1/2 >_ V571-  ~(a '  - l / (A2-  All. 
n--+~ \ xn / 
(2.1G) 
PROOF. In view of Lemma 2.4, there exists a sequence {nj} of integers such that  l~,l < n.) < 
?Z 3 < " ' ' ,  7~,j+1 --'nj < k, and 
l iminf  ( :r% ~'/#>_A,. (2.17) 
j----~o~ \ :/2~,t i_k / 
By Lemma 2.1, we have 
ni-l~'~ Xi+l ( Xn.¢ ~ l /k  1 /~  > q - -  
-£ ~ x i  - \ x~ j_k  / 
i=nj -k  
1 
2(k - 1) 
Lni-k_<i_<ni-1 \ Xi / 
1/2] 2 
- min (:c~+---Ll~ , 
t~,i-h'<_i(_-ni-1 \ d2i / 
and so 
mill ( Xi+----~l 1/2 
ni-k<_i<_n ,-1 \ Xi / 
ln&x 
n:i --k<i<_rt i -- 1 
- -  - 2 (k -  1) ~ xi+l 
\ xi / .:= -h: xi \x , , -A : /  
Ticking the limit inferior as j ~ oo in the above and using Lemma 2.3 and (2.17), we obtain 
~1/2 
( ~1/2 Xi+l --~//2(]~' 1)(/~ 2 /~1). (2.18) lim inf min :ei+----A1 >_ lira inf max - -  
j~- .~ ni--k<_.t<_ni--1 \ X i / j~oo  n j -h '<i<_n, - I  \ .F i / 
Note that  
:1:i+1 
lira inf max > lira inf > 
j~oo  n j - -k<i~n j - -1  \ X i / j~, .~ \ : l Ln i _k /  
and 
l iminf  Xn+l -  l iminf  min ( xi+-----21 ) 
n~oc  :I? n j~oo  n i Iv<i<ni - I  \ ;l; i 
I t  fbllows from (2.18) that  (2.16) holds. The proof is complete. 
LEMIVIA 2.6. Let {xn} be an eventually positive solution of equation (1.1). Then 
l iminf a:,~+l > Pq. (2.19) 
II~OC ~;tl 
PROOF. Let c E (0, ct). Choose a positive integer 'no such that  
0,-- iI x,~-k>o and ~ ~ p ,>~-e ,  fOI" II, ~ 'It O. 
From (1.1), we have 
n+k 
;L'nd- 1 ~ Xn+k+l d- E 
i=n+l  
pix,-A: _~ :c,,+h:+l + k((t - c jx . ,  D, ~ H,0. (2.2o) 
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It follows that 
Xn÷~l ~ k(OL -- £) : :  dl, n ___ n0. 
Xn 
Observe that x~+k+t _> dkx,~+l for n > no. Therefore, (2.20) yields 
Xn+l > dl 
x~ _ l _d l  k :=d2, n>_no+k.  
Following this iterative procedure, by induction, we have 
Xn+'---~l > dl k " - -  dj+l, n > no + jk ,  j = 1,2 , . . . .  
x,~ - 1 -d~ 
It is easy to see that 0 <d l  < d2 < ... < dj < dj+l < ""  _< 1. Therefore, the limit limj--+oo dj = 
d(c) exists and satisfies 
d(~) (1 - dk(~))  = k (~ - ~). 
Furthermore, 
liminf xn+l _> d(e). 
From the definition of #1, it is easy to show that liminf~__+0+ d(c) > #l. Then (2.19) holds. The 
proof is complete. 
THEOREM 2.1. Assume that 0 < a < kk / (k  + 1) k+l, 2(k - 1)(A,~ - A1) _< /~1, and 
limsup Pn > c~ + A~ ~ ~ [2X/2(k - 1)A1- (2k - 3) ~2X/-~7~- ~1] . (2.21) 
n~oo 
Then every solution of  equation (1.1) oscillates. 
PROOF. Since equation (1.1) is linear, without loss of generality, assume that equation (1.1) has 
an eventually positive solution {Xn}. From (1.1), we have 
x~ ( x~+~) 
p,~-- 1 . 
Xn~k Xn 
It follows that 
l imsupp~<l imsup x~ [1 liminf (x~+lX)l 
n-+oo -- n----+oc Xn-k n--+oo \ Xn / J  
By Lemmas 2.2 and 2.5, we obtain 
{i#l 1 l imsuppn_<A~ 1-  -V /2 (k -1 ) (A2-A1)  
~- /~2 k {1-  /~1 Jr" 2~/( k -  1)(/~2- /~1)[ ~-71  -- ~( /~- -  1)(A2- A1)]} 
which contradicts (2.21) and so the proof is complete. 
Similarly, from Lemmas 2.2 and 2.6, we have the following theorem. 
THEOREM 2.2. Assume that 0 < c~ < kk / (k  + 1) k+l and 
limsup p~ > (~ + A~(A2 - ~tl) = /~2k(1  - -  ~l) -  
n--+ OO 
{2.22) 
Then every solution of equation (1.1) oscillates. 
From Theorem 2.1 or Theorem 2.2, we have immediately the following corollary. 
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COROLLARY 2.1. Assume that  k = 1, and  that  
(t = l iminf  pn < 1 (14- ~ )  2 ,~oo  _ ~ and  l im sup p,~ > (2.23) 
Then every  so lu t ion  o f  equat ion  (1.1)  osc i l la tes .  
REMARK 2.1. Note that  when 0 < (~ <_ kA'/(k + 1) t+~, ~1 ) ]~(-t,/~2 ) ~/(]9 ~- 1) and 1 - 
ka+ v /1 -2ka- (ha)  2 > 1. It follows that  A~t*~ = aT*t / (1 -  A2) > (kct)  2 > (1 -  ka -  
y/1 - 2ka  - (kc~)2)/2. This  shows that  condit ion (1.20) or (2.22) implies (1.19). 
EXAMPLE 2 .1 .  Consider the equation 
Xn+ 1 - -  X n 4 -  pnx~t -2  = O, n = O, 1 ,2 ,  . . . , (2.24) 
where  
p~ = 0.147, 'n ¢ '~ 9 ,  3 , p,,~ = 0.40, n = j = 1, 2 , . . . .  
Observe that  
c~ = 0.147 < 0.1479 - 
2 2 
A~ = 0.633, A2 = 0.70, 
33, 
2(A2 -- A1) < AI ,  
and  
. + [2v 2(k - 1 )x , -  (2k  - = 0399  < 040 = l imsup 
Thus, in view of Theorem 2.1, every solution of equation (2.24) oscillates. However, the same 
conclusion is not obta ined by condit ions (1.3) (1.16),(1.18),(1.19). 
EXAMPLE 2.2. Consider the equation 
Xr~+l -- .Z'r~ Jr- pnXn-3  = O, ?~ = O, 1, 2 , . . . ,  (2.25) 
whore 
p~ = 0.0729, n ¢ j2, p.,z = 0.57, n = j2  j = 1, 2 . . . . .  
Observe that  
3 3 
(t = 0.0729 < ~ = 0.105, A2 = 0.9, I~1 = 0.223. 
It is easy to verify that  none of the condit ions (1.3) (1.16),(1.18),(1.19) is satisfied. But,  
O~ 4- /~2k (/~2 -- / t l )  = 0 .566  < 0.57 = l imsup p,~. 
rl ~,oo 
Thus, in view of Theorem 2.2, every solution of equatiorl (2.25) oscillates. 
3. OSCILLATION FOR EQUATION (1.1) IN A CRITICAL STATE 
V~qlen ct = liminf,~_oo ( l / k )  ~ i=r~-a  Pi = k~' / (k  + 1) ~'+1 it is possible that  all solut ions of 
equat ion (1.1) oscil late or equation (1.1) has a nonosci l latory solution. Therefore, the behavior  
of solut ions of equation (1.1) becomes very interesting in this case. Here we just  give two cr iter ia 
with respect to such a crit ical case; one is a direct corol lary of Theorem 2.1, and the other is 
establ ished in [14]. 
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THEOREM 3.1, Assume that 
n- I k~: 
liminf 1 Z n--,oc -£ Pi - (k + 1) k+l < limsup p,z. (3.1) 
i :n - -  k ~ ~oo 
Then every solution of equation (1.1) oscillates. 
Theorem 3.1 shows that if l iminf~oc (I/k) n-1 ~,:=,~-k Pi = kk/(k + 1) k+l then existence of 
a nonoscillatory solution of equation (1.1) implies that lim,~_~o p~ = kk/(k + 1) k+l. But, the 
inverse is not true; i.e., it is possible that all solutions of equation (1.1) oscillate or equation (1.1) 
has a nonoscillatory solution when limn~oo Pn = kk/(k + 1) k+l. In this case, the following 
theorem provides a good criterion. 
THEOREM 3.2. (See [14, Theorem 2].) 
(i) Assume that 
lim_ inf pn (k + 1) k+l n2 > 8(k + 1) k" (3.2) 
Then every solution of equation (1.1) oscillates. 
(ii) Assume that 
k k kk+: 
(Pn (k q2~)k+') n2< - 8(k + 1) k (3.3) 
holds eventually. Then equation (1.1) has a nonoscillatory solution. 
4. OSCILLATION FOR EQUATION (1.2) 
In this section, we are concerned with the oscillation of all solutions of equation (1.2). 
THEOREM 4.1. Assume that 
m n+k~ 
limsup Z Z 1. 
?Z~O~ i=]  8:n  
Then every solution of equation (1.2) oscillates. 




i=1 s=n+l  
( k ~k+l 
\Y ;7 ]  ' 
(4.2) 
then every solution of equation (1.2) oscillates. Therefore, in the sequel, we only consider the 
case where 
li~ninf Z pi(s) <_ \ -~-~ ] . (4.3) 
i= l  s=n+l  
Since equation (1.2) is linear, without loss of generality, assume that equation (1.2) has an 
eventually positive solution {x,,}. Then there exists an integer N > 0 such that 
Xn+ 1 -- X n <_ O, Xn_  k > O, n >_ N .  (4.4) 
Set 
By (1.2), we have 
m nq-k i -  1 
zn = x,~ - Z Z p~(s)xs-k~, n >> N. (4.5) 
i=1 s=n 
m 
Zn+l  -- Zn -}- Xn Z pi(Tt -~- k i )  = 0, ?), _~ N .  (4 .6)  
i=1 
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This shows that zn >_ Zn+l for )z > N. Tiros, we eventually have 
z,~ > 0 (4.7) 
or 
zn < O. 
If (4.8) holds eventually, then there exist an integer N1 _> N and AI > 0 such that 
(4.8) 
Zn ~< --1~I, for It > N l .  
That is, 
By (4.4), we have 
r*z rz+k, -  I 
i=1  ,s=t~ 
I)i(s):?Qs_l,:,, IL ~ d~/1 . 
< -2/I + x,~_~. E Xn+l 
i=1 s=~+ 1
p~(s), n > NI + k. 
Set 1 = lim,~-,oc xn; then l _> 0. Taking the limit inferior as '1t -* oc in the above and using (4.3), 
we obtain 
1 <_ -2~,I +/lii1Lii2f ~ pi(s) < -5 I  + 1 \ -~- -~]  . 
i=1 s=~z+ 1 
This contradiction implies that (4.7) holds eventually. Combining (4.5) (4.7), and using the fact 
that {x,~} is nonincreasing for n > N, we have 
XTz 
i=1 i= l  . s=r l  i=1  .s ='rt 
It follows that 
lim sup '~  ~ pi(.s)_< 1, 
7z--*cx:) i= 1 ,s=lt 
which contradicts (4.1) and so the proof' is complete. 
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